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Abstract 

The model of the neutrino mass matrix which we proposed in 2000 is revisited in the light of the 
recent T2K experiments. This model has the special property that it predicts the maximal 2-3 mixing 
and CP violation under the some simple condition. In this model, if the condition is relaxed, the 2-3 
angle and the CP violation deviate from their maximal values and they are related. We present such 
relations for typical cases. 


1 Introduction 

In view of the recent T2K experiments [1], the mode predicting the maximal 2-3 mixing and CP viola¬ 
tion attracts more attention and seems to require further investigation. In 2000, we worked a series of 
papers[2,3,4] where the neutrino mass matrix is proposed in the mass eigenstate basis of charged leptons 
and we made the following two findings. 

One is that this neutrino mass matrix predicts the maximal 2-3 mixing and the maximal CP violation 
under the some simple condition. This is due to the fact that elements of the derived neutrino mixing 
matrix satisfy the special relation which is the same as the one discussed by Grimus and Lavoura[6] in 
200^1. Also, this neutrino mass matrix has the same property of the one discussed by Ma[7], recently. 
Second is that we found a new mixing which is essentially the same as the one which is now called the 
TriBi-maximal mixing proposed by Harrison, Perkins and Scott[8] in 2002.These points are explained in the 
Sec.2. In Sec.3, we relax the condition and discuss how the 2-3 mixing and the CP violation deviate from 
the maximal values and derive their relations for some typical cases. In Sec.4, we discuss what neutrino 
mass matrices realize the situation discussed in Sec.3. The concluding remarks are given in Sec.5. 


2 The brief survey of our papers 


In our papers[2,3,4], we proposed the neutrino mass matrix in the diagonal basis of the charged lepton 
mass matrix. 

1) The neutrino mass matrix which we proposed 

The neutrino mass matrix was given by the combination of Si and Ti a^ 


wher^ 


my = rriiSi -\- ^.282 + mlSs + rhi{Ti - Si) + rh 2 {T 2 - S 2 ) + m 3 (T 3 


^3), 
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1 

1 

1 



( 1 ) 


^ E-mail:takasugi@cc.kyoto-su.ac.jp takasugi@het.phys.sci..osaka-u.ac.jp 

^ I obtained the information about the recent discussions about the neutrino mass matrix from the review article by King 
et a/.,[5]. 

^In the paper [ 2 ], the mass matrix is given by rriu = -h rhiTi) which is equivalent to the present expression. 

“^These matrices are obtained from 5$ and T 3 by the transformation PSiP = S'i+i and PTiP = (mod 3) with 

P = T2. 
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( 2 ) 


/100\ /100\ /100\ 

Ti = 0 w 0 , T2 = 0 0 , Tg = 0 1 0 

\o 0 \^o 0 wy \o 0 1 / 

In general, mass parameters and are complex and then becomes a general complex symmetric 
matrix. 

Then we found that if the mass matrix is transformed by the Tri-maximal mixing matrix Vr, 

Vt=^( io io^ l] , (3) 

^3 CO l) 

with CO = the transformed neutrino mass matrix has the following form, 

( nil m3 m2 \ 

m® rhi . (4) 

m2 mi m3 j 

From this, we found that if all mass parameters, m° and rhi are real, m'^, becomes a real symmetric 
matrix and is diagonalized by a real orthogonal matrix. As a result, the neutrino mass matrix mv is 
diagonalized by the matrix which is the Tri-maximal matrix multiplied by a real orthogonal matrix O, i.e., 
V = VtO. Next, we showed that this matrix has a property 

y2* = fo3: (* = 1,2,3). (5) 

and discussed that since by the phase redefinition of the mixing matrix, V can converted to the PMNS 
matrix[9] and the condition in Eq.(5) leads to the constraint \{UpMNs) 2 i\ = \{UpMNs) 3 i\ from which we 
found [2] 

®23 = C23, cos^cp = 0, (6) 

where Cy = cos0y and Sy = sin0y . That is, the maximal 2-3 mixing, 623 = 7r/4 and the maximal CP 
violation phase, 6 cp = ±7r/2. It is noted that the condition in Eq.(5) is exactly the same as the one 
discussed by Grimus and Lavoura[6]. 

We note that under our assumption that all mass parameters are real, the mass matrix becomes a 
matrix which has the property, and {m ^)23 are real, and {m ^)22 = (***i/) 33 , = (wi/)i 3 - This 

property of the neutrino mass matrix is exactly the same as the one discussed by Ma[7], recently. 


2) The TriBi-maximal mixing 

In our papers[3,4], we found a new mixing by taking a special orthogonal rotation for 0(see Eqs.(28), (33) 
and (41) in paper[3], also the equation in Section 3 in paper[4]) 


Vt 



0 

1 

V2 

1 

V2 




0 

00 

0 




1 


V3 




(7) 


which gave the predictions sin^ “28sol = 8/9 and sin^ 29atm = 1- Since neutrino masses are free parameters 
in this model, the mixing matrix is essentially the one called TriBi-maximal mixing, i.e., if we interchange 
the 1st and the 2nd columns, we reach to it. 

We emphasize that if the maximal 2-3 mixing and CP violation are confirmed by the experimental ob¬ 
servations as the T2K experiment implies, the model is perfect because other mixing angles and neutrino 
masses are obtained in any precision by choosing mass parameters. If the maximality for the 2-3 mixing 
and the CP violation is violated, there needs some modification which we discuss in the next section. 
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3 The relation between the 2-3 mixing angle and the CP viola¬ 
tion phase in the modified condition 

If some of mass parameters are complex, then the orthogonal matrix O in the above of Eq.(5) becomes 
the unitary matrix and then the 2-3 mixing and the CP violation shift from their maximal values. In this 
section, we discuss this effect by changing the orthogonal matrix into the unitary one. 

We start from the basis where the Tri-maximal mixing matrix is converted to the TriBi-maximal mixing 
matrix. Then, we consider two typical cases. One is that 1) the 2-3 rotation followed by the 1-2 rotation, 
and the other is 2) the 1-3 rotation followed by the 1-2 rotation. We assume that the 2-3 (or 1-3) rotation 
is made by an unitary matrix, leaving the 1-2 rotation by a real orthogonal matrix. 

To reach to the TriBi-maximal mixing, we can use the 2-3 rotation given in Eq.(7) followed by the exchange 
of the 1st and the 2nd columns. Here we use the direct way such that 


V = 



0 

1 

V 2 

1 

V 2 


\ /I 

0 

0 \ 

0 

1 

0 

/ Vo 

0 

-y 


( 8 ) 


1) The case of the 2-3 rotation followed by the 1-2 rotation 
We consider 


V' = V 



se 


0 

-ip 


\ / c' s' 

o\ 


c' 

0 

/ V 0 

0 

1/ 


(9) 


where c = cos 6*, c' = cos0'and s = sin0, s' = sin0', and we take c > 0 and c' > 0 and assume that s 
and s' are small from the observation that TriBi-maximal mixing reproduces the data fairly well. We find 
V' = diag(l, u;)Vdiag(l, 1, —i), where 


/ 


V = 


From this, we find 


2^' _ cs_ 

3^ V3 


V6 Vs 


'V2^ 


Ve Vs 


'V 2 ^ 


ns 


A^pip _^ 


___ 


Vf 

s' 

Vs 


^s' 

3* 


Vs 


^ Vs "V^" 

+ ^ + *75'^ 




CC _ jSC_pip c 


oiP 


\ 


V2 

— -1 
V2 ^ 




( 10 ) 


■®23'^13 ~ 


S 

"6 


sc smp, 


( 11 ) 


which lead to 


smp = 


Next, we compute Jarlskog invariant 


Sgn(s) cos 2023 Ci3 
2v^ Si3a/1 - 3s^3 


( 12 ) 


Jcp = Im[VnV 22 Ei* 2 E 2 \] 

= S23C23'S12Ci2Si3Ci 3 sin^CP 


(13) 



where the 2nd equality is computed by using the mixing matrix V and the 3rd one is done by using the 
PMNS matrix in the PDG. Since we take c > 0 and c' > 0 and assume that s and s' are small , Vii > 0 
and Vi 2 > 0 , so that we find 


cos p = sgn(s) sin 2023 sin dcp, (14) 

where we used |s| = -x/Ssia. From Eqs.(12) and (14), we find 


|cosdcp||tan2023| = ^ 3 ^ 2 ^) - 1- (15) 

That is, I cos dcpI is proportional to |1/tan 20231 and this is the relation between the deviations between 
023 and Scp from their maximal values. It is noted that in the limit of 623 = 7 r/ 4 , then, sindcp = 0 is 
reproduced. By convention, we take cosp > 0, then for s > 0, sindcp > 0 and for s < 0, sind^p < 0. 

As for 012 , 


tan 012 = 


V 2 tan 0 ' + — 3 si 3 

\/2 — a /1 — 3 si 3 tan 0 ' 


In the limit of s' = sin 0' = 0, this relation reduces to the well known one 


’12 


= I-2± 
3c?3 


which seems to reproduce the data well, so that the assumption that |s'| is small is valid. 
2) The case of the 1-3 rotation followed by the 1-2 rotation. 

We consider 


/ c 0 se \ / c' s' 0 \ 
V' = V i 0 1 0 -s' c' 0 , 

\-se^P 0 c / V 0 0 1 / 


(16) 


(17) 


(18) 


where we take c > 0 and c' > 0 and assume that s and s' are small. We find V = diag(l, a;)ydiag(l, 1, —i), 
where 


V = 


From this, we find 


-cc' - — 

^ V3^ 

cc' _ _ jSsLpip _i 


Ve V3 


\ _ ££_ _ _s _|_ „■ 

\ V6 '^2 


Next, from S 23 C 13 = IV 23 I, we find 




ii/|se 'P \ 


■ sc' ip 


_C__£_ i S p — ip 


v'e ^ V3 ‘'v'2'' 

cs' I _ck I „■ ss „ip 

V6^ Vs ^ 'V2^ 


V2 "Ve 

_C_ j_S-p-iP / 

V2 'Vs / 


■513 — 


2s2 

3 ■ 


sgn(s) cos 2023 Ci3 


sm p = 

^ Sl3\/l-fs?3 

Now, we compute Jarlskog invariant and find similarly to the previous case 


(19) 


( 20 ) 


( 21 ) 


cosp = sgn(s) sin 2023 sindcp, 
4 


( 22 ) 



where we used |s| = a/ 3 / 2 si 3 . From Eqs.(21) and (22), we find 


\ cos 6cp\\tan2923\ = (23) 

V 2s! 3(1 - IsJa) 

It is noted that in the limit of 023 = 7 !'/ 4 , then, sindcp = 0 is derived. By convention, we take cosp > 0, 
then for s > 0 , sinJ^p > 0 and for s < 0 , sinJ^p < 0 . 

As for 012 , 


^ W2 — 3 s ?3 tan 0 ' + 1 

tan 012 = ^ -. 

1/2 — 3 si 3 — tan 0 ' 

In the limit of s' = sin^' = 0, this relation reduces to the well known relation, 


s 


2 _ 
12 — 


1 

OCi 3 


(24) 


(25) 


which seems not to reproduce the data. If tan 0 i 2 < l/-\/2 as the recent data[9] imply, then tan0' < 
— (v^ — I)/(-\/2 + 1) ~ —0.17, but this size is still small enough for our argument. 


4 The mass parameters which realize the rotation given in the 
previous section 


In this section, we discuss what kind of mass parameters produces the transformation given in the previous 
section. At first, we note that the mass matrix after the transformation by V is 


nil 


= niuV = 


/ m°+m°+2rn2 
2 

rni+rris 

V 2 


V 


rni+rris 

V2 

TO® 

mi —m3 


2 

mi —m3 

V 2 

m?+mo—2m2 


(26) 


l)We want to realize the 2-3 rotation case given in Eq.(9). If we take to® = to® and choose to® and m 2 to 
be real, and also 


rfii = —p(d-I-6e*“), TO3 = —p(d — 6e*“), 

V 2 V 2 


where b and d are real, we obtain the mass matrix 


(27) 


/oi d 0 \ 

TOj/ = I ^ I . (28) 

V 0 6 e“ 03 J 

where oi = to® -I- TO27 02 = w® and 03 = to® — TO2 and they are real. 

For the NH case, we perform the see-saw calculation by assuming 03 is large in comparison with others. 
Then, this gives the 2-3 rotation and we obtain I 6 / 03 I ~ S 13 and a ~ —p. The effect to the sub-matrix of the 
1st and the 2nd generation is the change of the 2-2 element 02 to 02 — 6 ^e^“/a 3 . Therefore, the effect to the 
complex phase is the order of 1 ( 6 ^/ 0203 ) sin 2 a| < 0 . 1 |sin 2 a|, because ( 6 ^/ 0203 ) < 8131 /Ato^/Ato^^;. 
If the shift from 023 from 7 r /4 is small, then a ~ —p ~ 0, so that this effect is small. Therefore, the 1-2 
rotation can be considered to be a real orthogonal one in a good approximation. 

For the IH case, since oi ~ ±02 are large, so that the effect after the see-saw calculation is only to the 3-3 
element 03 . Therefore the real 1-2 rotation is achieved by the above mass matrix. 
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Thus, the matrix given in Eq.(28) gives the rotation in Eq.(9) in a good approximation, so that the relation 
between | cosdcpl and | tan 20231 is realized in a good approximation . 

2) We want to realize the 1-3 rotation case given in Eq.(18). If we take mi = m 3 = dj m 2 = (ai — a 2)/2 
and 


Oi -I- 02 




Oi -|- 02 


-he 


where a, and b are real, then we obtain 


rrii, 


/ oi d 6 e®“ \ 

I d 02 0 I 

\ be °‘ 0 03 / 


(29) 


(30) 


The similar argument holds for this case. Eor the NH case, the effect after the see-saw calculation, oi is 
shifted to oi — ( 6 ^/a 3 )e*^“. However, for the 1-2 rotation, the complex phase which contributes to the 
Dirac CP violation phase enters as oi -I- 02 — 6 ^e^*“/o 3 , so that the same argument as discussed in the 
previous case holds. Also for the IH case, the same argument holds as the previous case. Therefore, the 
above mass matrix will give the preferable rotation given in Eq.(18) in a good approximation. 


5 The concluding remarks 

In this note, we revisited our old papers in 2000 and presented the findings given there, that is, our mass 
matrix predicts the maximal 2-3 mixing angle and the maximal Dirac CP violation under the condition 
that all mass parameters are real. If this condition is relaxed, both the 2-3 mixing and the CP violation 
deviate from their maximal ones. We considered two typical cases and obtained the relation between these 
deviations, which are expressed by 

I cosdcpil tan2023| = fc(si3) (31) 

where k is the function of 0 i 3 given in Eqs.(15) and (23) for two cases. If we take S 13 = 0.15[9], k = 2.1 
for the 2-3 rotation case and k = 4.5 for the 1-3 rotation case. For the case of the small deviation case, 
Acp 2 fcA 23 , where Acp = \Scp ± 7 r/ 2 | and A 23 = |023 - Tr/dl. 

Our predictions in Eq.(31) gives a good test of the model if the precision measurement of 6 cp and 023 are 
made. 

For the model building point of view, we explored in what situation these cases are realized. In Sec.4, 
we gave some simple choices of mass parameters which reproduce the rotations used in Sec.3 in a good 
approximation. 

Finally, we comment that relations in Eqs.(15) and (23) are valid for some other class of models. Suppose 
that we construct the model of neutrino mass matrix which realizes the TriBi-maximal mixing without 
phase matrices appeared in Eq.( 8 ) and then rotate the mixing matrix by the unitary matrix discussed in 
the text by adding some small mass terms. This case is realized by the change p —>■ ct — 7 r/ 2 . Since the 
relations are independent of this phase, the relations hold for these cases. The no 1-2 rotation cases are 
discussed by Shimizu and Tanimoto[10]. It may be interesting to examine the relation between the CP 
violation phase and mixing angles for general unitary matrix case numerically. 
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